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1. Summary
In this report a generalization is given of the significance
tests for the largest and the smallest respectively of a set of
estimated normal variances as suggested by W.G. COCHRAN (1941)
and one of the present authors (cf. R. Doornbos (1950)) respec-
tively, These tests only deal with the case where the samples
from which the variances are estimated all have the same size,
The present report gives a treatment which is also valid
for different sample sizes. Further we consider the power function
of the tests with respect to the alternative hypothesis that one ‘
of the variances has slipped to the right or, in the case of the
test for the smallest variances to the left. Slippage tests for
a set of Polsson-variates which appear to lead to the same distri-
bution-functions will be discussed in a separate report by the '
second author, E
Finally the construction of 2 nomogram is suggested to faci;

liate the application of the tests,.

2. Introduction and description of the tests

Suppose we have a set of random variables
(2.1) Qs & 1)
distributed independently of one another according to gamma
distributions with parameters &y, ,3v~‘;a%,/% respectively; thot
is to say the density function of «, is

I
(2.2) F ) :/:#M“" (T eT NN bsu s s,
(ets ﬁ‘
where o, and /G, ére €§aa positive qymbers, As 1is well known the
distribution of T= ?O”“y where ijﬁ distributed as a chi-square
with V degrees of fféedom, is a special case of a gamma distri-
bution, with parameters o = 9/2 and#ﬂ§: 9 0%

Now our problem 1is to find testé for the hypothesis

L) y .
(2.3) Mo B= =B =3, say,
agalnst the alternatives
: P . - D
(2.4) Ho:o s =08 = 8= =3 =3,

0 W o f iy

1) Random variables are denoted by underlined symbols,




for one unknown value of ¢

and
L) - 5 ) e
(2.5> /7'?- . ,__,/1?! . 'im/ -—~,m Lr/ S *"'"/»'),{- —ﬁ/f'f'“g)
e lR —— S . ,4’7 PR
ABy = Cal Do, Oy T,

for one unknown value of ‘.
For bhoth tests we compute the ratios
&y . /
2 Ly = = (s ey )
(2.6) = low, w/ ’ -
Then, if we are testing %ﬂ against Ai, the following incom-

plete Ziintegrals are determined:

4

/ ! C\//l‘“/ e 3\ A‘“;"'“/(\/ L
e a g A ] o
(2.7) N T AT A e i
;o BeysA-y) L
v by
- . . \ /
K = [y e Ty s (,C.:/:/J' s /C)ﬁ
40 SN ot s
where/ﬁze%:ﬁlNext we define the test statistic & by
/ ! -
(2.8) A = e &

¢ = =/
&

2 - -

If we reject /7, when & takes a value g A the level of

significance lies between &£ and E~j €% as will be shown in
section 4.

‘f 9 :'/ o o o
Testing f/ against %@ requires computation of the integrals

O
, x; )
o s it yA=Y =
(2 .9) —-e/’ forel Zg {c\/'(‘,’) ;“? _ 0{/'(\1I / ';L_ vl . /c/ v 28 0 == o ’;.},/ o
- 0 C“W 9
o _1_-‘\: C\.i)t( Oy
A ¢ ¢
We reject ~, 1
. -
P e Ay . =
(2,10) & o= Mo 12,/ = 7

¢

The level of significance 1is

jo

o

»ain a2 number between g and £-7¢ "

3, An optimum property of the tests 1if « = .. =0clf
D.R. TRUAX (1953) proved an optimum property of COCHRAN's

test. In exactly the same way one can prove that our tests are

optimal in the following sence if o= m L Let,Z% be the

decision that f# is true and let Z> be the decision that ﬁ@ is
(i ) .

false and that /? knanng .,m33é>. Then, if ci:c@h) i.e, ifc,,

is The smallest ofci . Cﬁwthe procedure

PP
if &2 Lo pselect LG,
(3.1) ./ |

ir ol > Lg select ébo ,



-3 -

where ZE is a constant determined by the condltion that qushouid
be gselected with probability /-& 1if ﬁ% is true, maximizes the
probability of making the correct decision if the hyvpothesis
is true.

When the hypothesis 5i is true the analogous optimum prope &y
holds for our second test, In both cases '§is an approximation

L
of the critical values of &« and e. )

L, Proofs of the results stated in 2.

To obtain the joint distribution of 2 . .., 2., as glven oy
, £ ,
'y ,
(2.6) and of & = & # - +&rwe put

oy
(4 = f}C:f el ’
o, 1
sid 2™ >
(4.,1) Ly = 74, U

7 / e " - 2/1 J)
Up o OS2 = TRk

The Jacobian of this transformation becomes

? .
A o . .. 0z (Lo -0
. - 7*" -
o [{ . . 0x O ... 0,
- (’7 o .
o O Ly oo .-ty
AL A e, 0 0 O

v
Undex #7, the simultaneous distribution of &, ...

s N S
St (U L) S

/
~ 47 2 A ‘
I / '>,. ..... !
(3.3) T Lt e = T N oA ’
S PN L_O*—,c)ﬁ
;

A ;
where A= ol + -+ li-

Thus the joint distribution of £, . .., %, and ;(iS glven by
the density functicon
s ety A-i
/o Lot INEYY SR
o ’L‘ Xy oos Xlyn ZC) = —2:‘}% }f},é_';ﬁl i ]Ql,”” kfé;') ) & e =
7 | Sy Tk ) R4
(4.0) /A Cdymt ol et
. A Y N ) I



Thus we see, as 1s well known that(gfhas also a gamma dislri-
I _/’ e - I's R al
bution, with parameters a&+~‘~:¢mémﬁ%and§§ and moreover that the

Joint distribution of &, = .. 5, Z4_,1s given by

~f D

[ ¢ A e
‘ H CaiLa) By
(4.6) I;’{/L ‘\:‘/3‘ sy e foEm /:C;{/»" {

if we consider instead of &,,. .., ¢, the ¢/, variables &, .. ., i,

and §§5%,+..h4ﬁs which are 2lso independent from one another

and which have gamma distributions with parameters A
ooy oo+ ogand g,

: /
We consider now a set of £ real numbers;gg,..

and the probablilities defined by

ey =
[ b o Ple 5]
l /e LT g
-
/ p—— | p
L7 b Plo. <o cnd x =0, | c
o f 15 Py I v = ha™ o T Yy & j(
( > ] ((,\Jfl L « ¢ ! 0(/ 10 L /V J
o P s o]
= Plwe> g
-
o Plir. Sa. ¢ LN o Cd*/«/)
. fe, = 7L 29 dmol /0 G s .
N . ) ¢ i e

all computed under ﬁﬁ). If we denote by ZDthe probability that
at least one of the ratios 2, does not exceed the correspondin.

value & - , we have

6 7
- /t'-__/ ,
£2 > i s e .2 ). : /
.8y P=l p— 2 A R A

where the % th summation is extepded over all A 's with % sub-

scripte; hence the z ™ sum has{?J terms (G.W, FELLER (1950),
Chapter 4).

Foré;}, the probability that at least one of the U, excecce
O we have

!

e/
. RIS R /
G P G 4
Sl PSR AW

(4

It follows from BONFERRONI's inequality (cf. W. FELLER (195m),
chapter 4) that




b 2 e 2 f‘éélﬁ" = PE L
and
(RO O
In the following we shall prove the inequalities
(4.12) ’ﬁj‘g’ < 4
and
( b 3) «::.'z:"?!’,) /

21159
If we now determine the numbers ﬁ’ that all édare equal
to :ﬁ , then we get from (4.,10) and (4.42)

K
s, S 4 ! ‘Q)« 1/ . fo=D /:}) @l )‘ !
mr o A ,"‘Db h “““-‘,D¢, 4 5 = fO" N
2
or
!
" { 1{;:»/’ 2 - ‘_) e
2 & 3 2
/s
or for A 22
™ [ e & e 'r"!) il
(4,14) E-3 e 2% 75 5 &
In the same way we get
¢ el 2 ) o« e
(}4_ . 15) o AT =g = .
7)

I’
if the numbers %Qégﬂre determined so as to make all (? equ¢

to %‘ . As the procedure described in section 2 to teot ﬁ
< 1 47
against the sets of alfernatives iy and 77, respectively gives qu

(@]

ot

D /
the probabllitiss l¢aﬁd Qigrespectlvely of rejecting f[ wncg,,o
is true, these probabilities lie hetween the bounds stated trere,
We now proceed to prove the inequalities (4.12) and (4.13).

First it is shown that (4.12) and (4.13) are equivalent. We have

2
Jt: ww? and Q =

and consequently

¢ ’ N\
(4.16) /o b d 0
14 Fand
Further
: ' S e N,
Ll- /]7) ‘_.;:'.) — ‘\‘ T P I L \‘;!,..,) /E« e 7o G ‘(_/ P S e ;
(K. (U Ty R Lofab = Jo Sondt By

From (4.16) and (4.17) we obtain




which proves the equivalence of (4#.12) and (4.13)., Thus it .is

sufficient to prove (4,12) 1) and we need only consider values

¢ and

& ol ¢
and so (4513) and (4.12)
It is easily seen that (4.12) is equivalent with

- such that fzug%;g / , for when §V¢'%/>/’ QR =0
[l . (« (‘ i ¢ - y
are obviously ftrue.

i! .
0

(4.19)

or
.},. ‘: N ) b
#le P‘Q’]
l:.‘ ‘::f

(4.20)

& ‘::_«
4o ™

Fron (4.6) it follows that the left hand member £ g, o of

)+ . ¢ C‘if -
(4.20) eQualsf?y/f%, o LI
LES S, Yo L PERTA T N / .
D A A A A L= Ko=) ¢ iy Ay
{_‘ . “ 4 ¥ ¥ {7
O, e Y ¢ al Ry
MY & ’ [ /

where .

Y .

¢ ./ A
Putting X, = ¢/ 20,) we get
- ¢
gl
2 =y el N Ry R Aol ey
ﬁ ¢ / 7o T T ) C e Vv

/ b AR R Ll vy,

y . p y
( )—" ® 2 /] ) A; S 2o b AL T : 72 P , ¥

o Ny G\"”‘,‘ v /. ' \.',v. - C"'\v.l' e .
] SO Al SN N
7 e -0 £ A Vi
[ — Aoy ot =1
-~ { it L
<l (ﬁf) // P / (_ "4 - (’ﬂw'/} (/ / AC/ Ie

On the other hand the right hand member A/g., 0. Jof (U.20)

1s equal to A

/4 -~ el -/
> o Xy
PR .

(4.22)

/4"4\“-&\'/ '—/,Kc‘{/"‘/' f?“chﬂw
AR fm V7, " e
=~ - v - U=y Aod g
A
. :C v
€.'£/
N
ey
24
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1) The following proof, which is substantially simpler than
another one which was developed by the authors, has been found
by H. KESTEN, assistant of the Statistical Department,oas a spe=-
clia case of the proof of the more general inequality

- ré \,«’
4, N L = O LA

¥ ; F £




So it follows from (4.21) and (4.22) that (4.20) holds.

5. The power of the tests

In this section we shall derive upper and lawer bounds for
the probabilitles of making a correct decision, following the
procedure described in section 3, under the hypotheses é{andxl

In the first case, 1.e. when ég i1s true, we assume that o,
1s the parameter which has slipped to the right, 1. e.,fm\ﬂ 5

C, >/ . Then we prove that @) , the probability of maklng the
correct decision 1lies between the limits

P B

- B RN - . )
(5.1) [1ﬂ« ! @X¢}5$~d;gj(y«£> = QFL < [LMWL o (xe, A-:)]>

Ce

where
P,
(5.2) CJ o= RN
o 7
= R 3
& )
[ . _
where 525? is determined so as to make
4 > G
- . ) | <
( 5 ® 3 ) Z (‘/) (\{;\"(/ ) /‘7‘ - C\;’w) e I"‘M‘ ,(t,—

Jos
When C, becomes large @2 converges to the upper bound given
by the right hand member of (5.1).

When /u, is true and ? has slipped to the left, i.e. Brxc, /2,
. ~ v RN
05 Cor<z thc fcllom1n; 11m1t5 can be derived for ﬂ? , the pro-
y P
o N - 4
bahility of making the correct decision in this case.
< ‘/ B S j .
ften Lo @) ( C'\._fg ) AT C»‘LHY,, )
) ¢ ¢-

[ a0 &
( 5 'y 6 > - ,) @) ( D{&}} J i C:\;::‘/ _4./1 e ‘/’,"‘ -
(,' o . K
Again for small values of ',
D 7 / N
. ; )
I?)' PR INNCY! <°\j~ 7 P
l__;_f -t L l/ [
9 ¢




In order to prove (5.
. . /
rality that ¢= 7 and then we put i, /¢, =

distribution with parameters o and % .

g&, ; thus 15

making the correct decision 1s

f}’)"bfv\vw

)
LR o

2

The probability

1) we may assume without loss of gene-

P

has a gommAa
) ol

6,

~ -
> D il /2
o P / €Z/, = /z:- Gl et Lo > =
L - -
2/ d T o/ia g Ean a2 E)or (2 s Fant ol £)
7 - o = ot e - . Cly w7 el Ll e e
= o =" = 4k e A A o 7 S Kot

I . 5
Pid,g & and @ % 77"]‘1‘;‘; 6! =
=k “‘/ K.. - L_/

I

h { 2
e} -
(cf. (5.2)) i e
S - Lha, s =
ls,
The distribution of g ek oy
b e ALY o

5
, Lyt a “
X, under /7, and therefore known, In fact

i ey /4 "'“CX/ } s

(5.8)

7 ey
(_// - L,.// e

¥
( ra ‘(,./‘/_f ke
'Z.-ﬂ“ C{-{’ r‘;
e T ¥
S { e e pri
o I , s /e
b By ALl L s L e

(according to (4.13))
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[ A R
fn e Loy

D
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w

ny
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ig the distribution of
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Substituting (5.8) and (5.9) into (5.7) we get

h_lell for “uov

l

: - ;
which proves (5.1). When ¢, is large / .,
be much smaller than %}and therefore in that case Qﬁ conver,

to its upper bound,
The inequalities (5.4) can be derived in the same way.

©. Tables and nomograms

To obtain the values 5( and g! as defined by (2.7) and (2.9)
and to evaluate the power Functidns (5.4) and (5.5) we need
suitable tables or nomograms of the incomplete}B function.

When all o are equal, the smallest éf'Cﬂrresponds to the
largest ratio 33 and the smallest ¢ corresponds to the smalles T

)
ratio 2. . Furthnr the critical valueg s%g; of X, when testing

(& &
the largest ratio and rﬂ‘f for testing the smallest ratio are

i
(J
then all equal:
) N ) a
2 o ) -
(.; (’) f”u ;(":' 2. L ( ) ] - ,7
(ol 9 ;
(,7L..r- i ( /x,.n,. R i
t e P ey N I\"\w
{ N ¢

Therefore in this case 1t suffices to have tables with thuce
critical values with entries k and the common parameter valucl o,
These tables may be found in C, EISENHART, M.W. HASTAY and i ,A,
WALLIS (1947) (¢« Gofandae/)for the first test and in R. DOORI-
BOS (1956) (€ = 005 for the second one,

When there are unequal values among the o, the minimum X
value may be found in most cases by means of PEARSON'S tables
of the incomplete B-function (K, PEARSON (1934)).

The smallest € value, however, will, when it lies in the
neighbourtood of f‘and é is not very small, correspond to such
a small ratio ¥ that neither these tables nor the nomograms
constructed by H.O0. HARTLEY and E.R. FITCH (1954) are suitable
for our purpose, '

An extension of the tables or nomograms to cover this case

seems useful,
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